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An  0(n  ) heuristic  clgorltfas  1»  described  for  solving  n-ctty 
travelling  salesman  probleias  (TSP)  whose  cost  matrix  satisfies  the 
triangularity  condition.  The  algorithm  Involves  as  substeps  the 
computation  of  a shortest  spanning  tree  of  the  graph  G defining  the 
TSP,  and  the  finding  of  a ndnlioum  coat  perfect  matching  of  a certain 
induced  subg.-aph  of  G.  A worst-case  analysis  of  this  heuristic  shows 
that  the  ratio  of  the  answer  obtained  to  the  optimum  TSP  solution  is 
strictly  less  than  3/2.  This  represents  a SOX  reduction  over  the 
value  2 which  was  the  previously  best  known  such  ratio  for  the 
perfotmance  of  other  polynomial-growth  algorithms  for  the  TSP. 


1.  igTROpacnoN 

H«url«tlc  algorlthes  with  polynoolal  r«te»  of  growth  In  die 
nuaber  of  variables  can  be  used  to  prtxvlde  approdwite  solotioos  to 
coudilnatorlal  probleas . The  question  then  arises  as  to  t/hat  Is  the 
worst  possible  ratio  of  the  value  of  the  answer  obtained  by  the  heuristic 
to  the  value  of  the  optlsaia  solution.  We  will  denote  tills  worst-case 
ratio  by  R . 

Values  of  for  the  graph-coloring  problem  have  beer  Investigated 

by  Garey  & Johnson  [4]  who  showed  thac  finding  a polynomial-growth  graph- 

coloring  algorithm  with  R < 2 Is  just  as  hard  as  finding  a polynomial 

w 

algorithm  for  optimal  coloring.  For  the  loading  (packing)  problem  [3,  5] 
Johnson  et  al.  described  an  algorithm  with  R^  < 11/9.  Rosehkraatz,  Steama 
and  Levis  Investlgat*'-’  a variety  of  heuristics  for  the  travelling  salesBiBn 
problem.  For  the  best  of  the  algorithms  Investigated  in  [7] , R^  — 2 as  u,  - 
the  number  of  cities  In  the  travelling  salesman  problem  (TSP)  - tends  to  *. 

3 

In  this  paper  we  describe  a heuristic  algorithm  with  0(n  ) growth 
rate  and  for  which  R^  < 3/2  for  all  n.  This  represents  an  improvement  of 
50%  over  the  previously  best  known  value  of  for  the  TSF. 

2.  THE  HAIN  RESULT 

Consider  the  n-clcy  TS’’  defined  on  the  complete  graph  G » (X,A) 
where  X Is  the  set  of  vertices  and  A is  the  set  of  links.  Let  the  link 
cost  matrix  be  which  satisfies  the  triangle  Inequality. 

Let  T*  = (X,A^^)  be  ti...  shortest  spanning  tree  (SST)  of  the  graph 
G,  and  let  C(T*)  be  the  cost  of  T*.  Letr 


X°(T*)  = {x^|d^(T*)  odd}, 

/• 
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8here  «ij^(T*)  ia  the  degree  of  vertex  reepect  to  the  tree  T*. 

The  cerdlnallty  lx®(T*)l  of  the  aet  l“(T*)  Is  aleaya  even  [1]. 

Consider  now  the  subyra^  < X°(T*)  > Induced  by  the  aet  X°(T*)  of 

vertices.  Since  |x°(T*)l  la  ?ven,  a perfect  natchlng  In  < X°(T*)  > elwtys 

exlata.  A matching  ia  celled  “perfect”  [1]  If  It  contains  exactly 

l/2lx°(T*)l  links.  Let  M*  » (X°(T*)  ,A^)  be  the  nlnlauiB-cost  perfect 

o 

matching  of  < I°(T*)  > and  CO^)  be  its  cost. 

We  can  now  state  the  following  theorem: 

Theorem  1. 

A hamlltonisn  circuit  i of  G can  be  found  with  coat 

n 

C(0  < C(T*)  + C(K*)  < tC(§*)  where  C(i*)  Is  the  optimal  value 

H O Z 

of  Che  TSP  tour  §*. 

In  the  proof  of  Theorem  1 we  will  make  use  of  the  following 

Lenma. 

Leiinia  1. 

For  an  n-city  TSP  with  n even,  we  have  C(H*)  < , where  M* 

Is  the  minimum-cost  perfect  matching  of  the  graph  G defining  the 

TSP  and  i*  is  the  optimal  TSP  tour. 

Proof.  Consider  = (x.  ,x.  ,...,x,  ).  Starting  from  vertex  x,  and 
^1  ^2  n 1 

travelling  round  the  circuit  4*,  allocate  the  links  traversed 

in  an  alternating  manner  to  two  sets  and  Starting  with 

for  example: 

H,  “ {(*,  ).  ) (*.  .*1  )) 

1 2 3 4 n-1  n 

and  M,  - {(x  ,x  ),  (x  ,x  ) (x  ,x  )) 

^ ^2  3 4 ^5  n 1 
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end  are  Mtchlngt  of  G and; 

C(M^)  + C(M2)  - C(t*) 

Sfoce  and  are  defined  arbitrarily  we  can  aaaune 
C(M^)  < €(1(2)  without  loss  of  generality,  and  to  we  have: 

C(H*)  < C(Mj)  < |c(«*) 

Hence  the  Lena. 

Proof,  of  Theoren  1 

It  la  well  known  [2]  that  for  a graph  G 


(1)  C(T*)  ^ C(i*)  < C(t*) 


where  ♦*  la  the  shortest  hamlltonlan  path  of  G.  (The  laat  Inequality 
P 

becoming  < If  rero-coat  links  are  allowed.) 

The  graph  G®  • (X,A^UAj^)  - which  la  e partial  graph  of  G - is 

o 

Eulerlan,  l.e.,  has  all  vertices  of  even  degree,  since  Is  a matching  of 
all  odd  degree  vertices  of  T*.  Hence  G*  contains  an  Eulerlan  circuit 
= (x  ,x  ,...,x  ).  Since  traverses  all  the  links  of  G*  It  also 

visits  all  the  vertices  x^  « X at  least  once.  Let  C(t')  be  the  cost  of 
t®,  i.e.. 


(2)  C($  ) - CfT*)  + C(K*) 

o 


If  i*  Is  the  TSP  solution  to  the  problem  defined  by  the  Induced  subgraph 
o 

< X°(T*)  >,  then  we  have  from  Leonr.  1,  C(l^)  < '^(**)  a“*l  since  C(i*)  < C(i*) 
Vie  Icmediately  obtain 


(3) 


C(M*)  < jC(i*) 
O “ z 
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froM  cxpreaalont  (1),  (2)  aad  (3)  It  follijM  that: 


(4) 


C(#*)  <|C(«*) 


Covislder  tha  txavaraal  of  i atartlag  froat  x.  up  to  tha  polat  ahae  a 

' h 

vertex  x^  la  reached  which  haa  bean  vlaltad  pravlaaely  • t.a., 

X.  *[x  }.  Let  r^  be  tha  firat  vartax  follovlBg  Xj^  In  tha 

aequance  of  i which  haa  not  been  prewlooaly  vlalted  and  cooaldar  die 

circuit  - (x  ,...,x  ,x^  ,...,x  ) darlwed  from  ♦*  by  replaclag 

''I  ^'r-l  *^a  Tt 

the  path  P “ (*i  . .••*.*4  . x,  ) with  Aa  alngla  link  (x  , 

r-1  r a-l  a r-1  a 


Bacauaa  of  tha  triangularity  condition  wa  have: 


*=1  ,1  ^ 

r-1  a 


(Xi.Xj)«P„ 


■IJ 


where  P la  alao  uacd  aa  an  unordered  aet  of  the  llhka  on  Che  path  P 
Hence  we  have  C(l*)  > C(lj,), 

In  the  aaae  way,  atartlag  with  a traveraal  of  Ij,  a circuit 

be  produced  with  a path  of  replaced  by  a direct  link  and  C(lj^)  > 

Eventually  a haallConlan  circuit  i of  C will  result  with; 

n 

C(4j,)  < •••  < C(»j)  < C(»*)  < |c(**) 

Hence  Che  Theoren. 

The  algorlthn  Isplle-l  by  Theoren  1 conalsta  of  two  parti:  the 

calculation  of  an  SST  and  finding  a atlnlnua-coat  perfect  natchlng. 

2 

Several  good  0(n  } algorlthntf  exist  for  finding  the  SST  of  a graph  {!]., 

The  beat  known  algorithm  for  calculating  mlnlaum  afttchlngs  la  one 

developed  by  Lawler  [6]  and  has  growth  rate  O(n^).  The  overall  growth 

rate  of  the  proposed  elgorithn  Is  • r*'erefore  - O(n^).  (Note  that  the 

last  atep  of  couvertlng  to  a haniltonlan  circuit  1_,  can  be  done  In 

n 


linear  tlas.) 


